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Abstract 

The point-spHtting regularization technique for composite operators is discussed in con- 
nection with anomaly calculation. We present a pedagogical and self-contained review of the 
topic with an emphasis on the technical details. We also develop simple algebraic tools to 
handle the path ordered exponential insertions used within the covariant and non-covariant 
version of the point-splitting method. The method is then applied to the calculation of the 
chiral, vector, trace, translation and Lorentz anomalies within diverse versions of the point- 
splitting regularization and a connection between the results is described. As an alternative 
to the standard approach we use the idea of deformed point-split transformation and cor- 
responding Ward-Takahashi identities rather than an application of the equation of motion, 
which seems to save the complexity of the calculations. 
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1 Introduction 



The point-splitting regularization of the composite operators is a method which has a long 
history. The early works |j^] date back more than fifty years ago. The idea of the method 
is very simple: the slightly different space time points are assigned to the elementary fields 
from which a composite operator is built. As a result, the short distance singularities of the 
composite operator which appear in the limit of the coinciding points are regulated. E.g. the 
fermionic electromagnetic current 

J<;r{x) = e^(x)7^V(x) (1) 
can be regulated according to the prescription 

J<;r{xr^ = ei^{x + e)^^i^{x-e) (2) 

and the short distance (UV) singularities can be isolated as the divergent terms in the expan- 
sion of the regularized expression for e — > 0. However, the naive form of the point-splitting 
(|2|) suffers from the violation of the U{l)em gauge invariance. This loophole can be cured 
introducing a suitable compensating factor, the gauge invariant regulated current can be 
constructed as 

^r(^)"' = + - e) exp {\e j^'^ dy • A{y)^ . (3) 

Various modifications of this approach were described in the literature |^, and the point- 
splitting method still attracts interest in various contexts |^]. 

One of the most important applications of this regularization scheme is the calculation 
of the quantum anomalies. The first calculation of such a type was done already in the 
pioneering work Q on the Adler-Bell-Jackiw anomaly and was also systematically used in the 
fundamental work |^] to get the general form of the nonabelian anomaly. It also proved to be 
a suitable tool for the calculation of the anomalies connected with the trace and divergence of 
the energy-momentum tensor in the gravitational background. Since the time of the first 
works on this topic, the point-splitting regularization method has become a well-understood 
standard routine. 

In this short review we attempt to present a self-contained pedagogical introduction to 
the method and its application to the anomaly calculation with an emphasis on the technical 
details and the language of the contemporary field theory. We also offer a rather nonstandard 
approach to the derivation of the anomalies in terms of the Ward-Takahashi identities for 
deformed point-split transformations rather then using the equations of motion, which seems 
to save the complexity of the calculations. 

The paper is organized as follows. In Section 2 we concentrate on the problem of the short 
distance singularities of the fermion propagator in the background of a nonabelian gauge field 
and the heat kernel method is briefiy reviewed. In Section 3 we outline the general strategy of 
the anomalies calculation. In Section 4, 5, 6, 7 and 8 we illustrate this general strategy using 
the concrete examples of the chiral, trace, translational and Lorentz anomalies respectively. 
The non-covariant point-splitting and the corresponding modifications of the anomalies are 
described in Section 9. The properties of the vector current in various versions of the point- 
splitting and integrability of the vector current are discussed in Section 10. Some of the 
technical details are postponed to Appendices A and B. 
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2 The singularities of the fermion propagator at short dis- 
tances, the heat kernel method 



In this section we give a pedagogical overview of one of the most efficient methods for obtaining 
the short distance properties of the euclidean propagator of the fermions in the background 
nonabelian gauge field. This method is based on the properties of the so called heat kernel, 
associated with a suitable elliptic differential operator of the second order. We also introduce 
some notation which will be useful in the rest of the article. 

Let us first consider the following elliptic operator, operating on the sections of some 
Hermitian vector bundle over four-dimensional flat Euclidean space 

A = + (4) 
where the covariant derivative is given as 

D = d + A (5) 
and the gauge field A and the (positive) potential V satisfy the following hermiticity properties 

A+ = -A, y+ = V, (6) 

i.e. the operator A is positive and Hermitian. Let us define an Euclidean "scalar propagator 
with mass m" as the x-representation matrix element of the inverse of the operator A + 

G(x,y;m2) = (x|(A + m2)-i|y). (7) 

First we will investigate the |x— y| asymptotics of this propagator with a general potential 
V . The result (with specific choice of the potential V ) will be then used to obtain the short 
distance behavior of the fermion propagator defined as the inverse of the Dirac operator 
7 • D + im 

S (x , y; m) = {xK'j ■ D + im)~^ \y) (8) 

where 7^ are the antihermitian Euclidean 7— matrices, which satisfy the anticommutation 
relations 

{7a,7/3} = -25a/3- (9) 

Let us introduce now the key object of our further considerations. The heat kernel 
Q{x,y]T) of the elliptic operator A given by the formula (Q) is defined as the kernel (i.e. 
the x-representation matrix element) of the operator e~^^, explicitly 

g{x,y;T) = {x\e-^'^\y). (10) 
The heat kernel satisfies the following partial differential equation, 



d 

- '^^ = ^Gix, y; r), (11) 

with the initial condition 

limg{x,y;T) =6^^\x-y). (12) 
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Let us summarize some of its properties. If we find the solution of the equation (p^) in the 
form n 



1 _\x-y\^ 

Q{x,y]T) = j^—^e 4- F{x,y;T), (13) 

the initial condition (|l^ ) requires then 

lim F(j;,y;T) = 1. (14) 
Assuming for the function F{x,y;T) the following asymptotic expansion Q for r ^ 

oo 

F{x, y;T) = J2 an(a:, y)T", (15) 

ra=0 

the coefficients of this expansion satisfy then the following set of recursion relations, which can 
be obtained by inserting the asymptotics ( [l5| ) to the equation (|ll]) with the initial condition 

(0) 

{x - y) ■ Da:ao{x,y) = 0,ao{x,x) = l, 
nan{x,y) + {x - y) ■ Da:an{x,y) = -Aa.a„_i(a;, y). (16) 

The coefficients an{x, y) (known as the Seeley-DeWitt coefficients^ § ) are smooth for \x—y \ 
0. Let us indicate, how these relations can be explicitly solved. Introducing (with x and y 
fixed) 

xt = y + t{x-y) (17) 
and using the first relation (16), we get for ao{xt, y) the following ordinary differential equation 

^ao(xt, y) = -{x - y) ■ A{xt)aQ{xt,y), (18) 

with the initial condition ao(xo, y) = 1, which can be easily solved in terms of the T -ordered 
exponential 

ao{xt, y) =T exp ^- dt(x - y) ■ A{xt)^ . (19) 
ao{x,y) is then given by the following formula 

aoi^o, y) = ao(a;i, y) = Texp ^- dt{x - y) ■ A{xt)^ = Vt{x, y) (20) 

as the parallel transporter r2(x,y) along the straight line connecting the points x and y . In 
the same way we get the following differential equation for ai(xt,y) 

^tai{xt, y) = -{x - y) ■ A{xt)tai{xt, y) - A^^ao{xt,y), (21) 



■^Let us note, that A^-'(3;,0) = /q°° dr— ^jr^^e 4^ = \x-y\'i corresponds to the free scalar Euchdean 
propagator with zero mass. 

*For a review and complete list of references see also M . 
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the solution of which can be expressed in terms of the known coefficient ao{xt,y) 

tai{xt,y) = -ao{xt,y) [ dTao{xr,yy^ Ax^ao{xr,y), (22) 
Jo 

therefore 



ai{x,y) = -ao{x,y) [ dtao{xt,y) ^A^^ao{xt,y) 

Jo 

= - dtao{x,xt)A:j:tao{xt,y) (23) 
Jo 

(here we used simple properties of the coefficient ao{x,y), namely ao{x,y)~^ = ao{y,x) and 
ao{x,y)ao{y, z) = ao{x,z); valid for x,y,z on the same line). The generalization of this 
procedure for general n is straightforward, the general formula reads 

an{x,y) = - [ dtt"~^ao(x,xt)A^ja„_i(xt,y). (24) 
Jo 

Let us now use the properties of the heat kernel to get the short distance asymptotics of 
the scalar propagator G{x, y; rm?). This can be achieved by expressing it in terms of the heat 
kernel as 

G(x,y;m2)= / dre"™ g(x,y;r); (25) 
Jo 

this formula is known as the Schwinger proper-time representation of the propagator. The 
short distance asymptotics of G(x, y; rin?) can be then obtained as a consequence of the r ^ 
asymptotics of the heat kernel G{x,y;T). Indeed, from the Schwinger representation of the 
scalar propagator ( p5|) we have 

G{x,y;m') = __e-™ -^F(x, y, r), (26) 

i.e. for |x — y| ^0 the integrand is well-behaved^ both for r ^ and r — > oo. For — y| = 
we have however a nonintegrable singularity at r — > 0. In order to isolate the short distance 
singularities, let us divide the integrand into two parts by means of adding and subtracting 
the leading asymptotics of the integrand for r — > 0: 



dT 2 \x y\^ " 

G{x,y;m^) = I — -^e"™""^^ V ai(x, y)r 



(47rr) 



2 

i=0 

+ r 7^^-^"''-'-^inx,y;r) -j2a.{x,yy). (27) 
Jo (4vrT)^ ^ 

The second term on the right hand side has smooth limit for jx — y| — s- , if we take n large 
enough, (the corresponding integrand behaves as r"^^ for r — s- and T-"-2g-Tm £qj. ^ _^ 

*Let us recall the limit F{x,y,T) — > 1 for r ^ and, in the finite volume, the asymptotic behaviour of the 
heat kernel Q{x,y,T) ~ exp(— Aot) $o(j/) ^o{x) for r oo, where Ao > is the lowest eigenvalue and $o{x) 
the corresponding eigenvector of the operator A. 
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The source of the singular behavior of the scalar propagator for Ix — y| corresponds to 
the first term. 

Let us describe this in more detail. We have 

n 

G{x, y; rr?) = ^ aiix, y)/„(x - y) + R(x, y), (28) 

1=0 

where R{x,y) is finite in the limit | x — y |^ and Inix) are the following integrals 
Here Kn{z) are the MacDonald functions^ 

+^£S(;7TI^ (2) (2) - + 1) - + " + 



satisfying 



Explicitly 



and 



= i^_„(z). (31) 



/o(x) = Al^^(x;m^)= m\x\Ki{m\x\) 

+0{rn^\x\^ ,m^\x\hnrr?\x\^) (32) 



/i(x) = /^^^\x;m'^) = -^KQ{m\x\) 

^ (Inm^lxp - 21n2 + 27ij - 2) + ©(m^jxl^m^jxplnm^lxp) (33) 



167r2 



where A^'*(x — y]rn?) is the free Euclidean scalar propagator (i.e. for A = Q and F = 0) in 
d dimensional euclidean space. Note also, that for n > 2 , the In{x) (and also d^Inix)) are 

■^Here 

+ = -7-B + 
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regular for x ^ 0, i.e. we can keep only the first two terms in the sum on the right hand side 
of (^) in order to pick up explicitly the potentially singular part. 
Therefore we have 

G(x, y- rr?) = ^ (^3^ + ^Inm^jx - yf{a^(x, y)Tr? - ai(x, y))) + (34) 
The fermion propagator, defined as 



S{x,y\m) = {x\ \ . \y), (35) 



can be rewritten in the form 



5(x,y;m) = (x|(7 • D - im)^^^--^^^-^|y) 

= {^.D-\m){x\—- i ^ ^ \y) 



■ D - im){x\ ^ \y) (36) 



with positive operator 



A = -Z)2 - -af,,F^,. (37) 

The matrices = ^[7a,7/3] are the generators of the SO {4) euclidean rotations and 

F^, = [D^, D,] = d^A, - d,A^ + [A^, A,] (38) 

is the gauge field strength. I.e., expressing the fermion propagator in terms of the "scalar 
propagator with mass m" corresponding to the operator (|37|), we have for the potentially 
singular part of the fermion propagator 

S{x,y;m) = {-^ ■ - \m)G{x,y;w?) 

_ 1 ( {l ■ D - \m)aQ{x,y) 2-/^{x - y)f,ao{x,y) 



Att"^ \ \x — \x — 

+-lnm^|x — yp(7 • — im)(ao(a;, y)m^ — ai(x, y)) 

+J^r^^((«o(x,y)m2 _ ^^(^^y)) ^ ^^^A (39) 
2 \x — yr / 



To isolate the singular part of the propagators and ( 39 ) , it remains now to expand the 
Seeley- de Witt coefficients in power series in | j;— y | . Before doing this, we add one important 
note. The above defined scalar and fermion propagators have one inconvenient property - they 
are not gauge covariant. E.g. for the fermion propagator we have the following transformation 
relation with respect to the gauge transformation U{x): 

S{x, y; m) U{x)S{x, y; m)U+{y). (40) 
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As a consequence of this, if we introduce 

x = ^{x + y), e = ^(y-x), (41) 

the coefficients of the expansion of the propagators G{x,y) and S{x,y;'m) in powers and 
logarithms of £ are not gauge covariant functions of x. 

For the calculations presented in the following sections we need rather objects, which 
transform covariantly. For this purpose, let us note, that the parallel transporter along the 
straight line (which is nothing but the Seeley-de Witt coefficient ao{x,y)) 



ao{x,y). (42) 



n{x, y) = P exp ^ dt{x - y) ■ A{y + t{x - y)^ 

transforms according to the prescription 

n{x,y)^U{xMx,y)U+{y). (43) 

Let us therefore define the "covariant propagator" 

S''°^{x,e) = n{x,x - e)S{x -e,x + £;m)n{x + e,x). (44) 

The transformation properties of the gauge exponential ensure the following transformation 
of the covariant propagator: 

5™^(x,e) ^ C/(a;)5™^(x,e)?7+(a;). (45) 
In the same way we can "improve" the scalar propagator, which transforms noncovariantly 

G{x, y; n?) U{x)G{x, y; m^)U+{y), (46) 
and define the covariant propagator 

G™^(x, e) = n{x, X - e)G{x -e,x + e; m'^)n{x + e, x) (47) 
with covariant transformation law 

G"°^(x,e) ^ C/(2;)G™^(x,e)[/+(x). (48) 

The main advantage of such covariant propagators is, that the x— dependent coefficients of 
the expansion in the powers and logarithms of e are now gauge covariant functions. 
From the expression (p3) we get then 



G™^(x, e) = ( -rio + \lnm'^ \e\'^ (m^ — ao(x, x — e)ai(x — e,x + e)ao(x + e, x))\ + 0(1). 
47r^ \\£\ 4 / 

(49) 

To make use of this formula, we need the expansion of the expression ao{x, x — e)ai{x — e,x + 
e)ao(x + e, x) in the powers of e. We only quote the result of the calculation here, the details 
can be found in Appendix A: 

ao{x,x- e)ai{x - e,x + e)ao{x + e,x) = ^aaisFa/Bix) + ^SaiDp, Fi3a]{x) + 0{e'^). (50) 
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With this formula at hand, we have finally 

G--^x,e) = ^ (^^ + lnm^\e\\m' - ^aapFapix))^ + 0{1). (51) 

Before we proceed to the analogous expression for the fermion propagator, let us now 
make a useful observation. For any (sufficiently smooth) section (f){x), the operation 

^(x) n{x, X - £)^{x - e) (52) 

can be expressed in the form 

n{x,x-e)(t){x-e) = e'^'^''(l){x). (53) 

Indeed, the functions (l)i{x,t) = Q.{x,x — te)(l){x — te) and (f>2{x,t) = e~^^'^'^(j){x) both satisfy 
the following differential equation 

^Mx,t) = -£• (t)i{x,t) (54) 

with the initial condition 

Ux,Q,)=<l){x). (55) 
This statement is clear for z = 2, let us prove it for z = 1. We have 

^(/)i(x, t) = {-£ ■ dyQ{x, y)) \y=x-te 4>{x - te) - ^l{x, x - te)e ■ dx^{x - te) 

= -e ■ dx{n{x, X - te)(t){x - te)) + {e ■ dxn{x, y)) \y=x-te 4'{x - te) 
= —e ■ dx{^{x, X — te)(f){x — te)) — e ■ A{x)n{x, x — te)(f){x — te) 

= -e- Dx(t>\{x,t), (56) 

where we used the relation {x — y) ■ Dx^{x, y) = in the third line. 
Using now this result and the formula for the fermion propagator 

S{x,y;m) = -imG{x,y;m'^) +j- Dx G{x,y;n?) (57) 

we have 

5^°^(x,£) = -imG'=°^(x,£) +e-^-°-7- Dx G{x,y;m^)e'-^y\x=y, 

where 

D = d + A, (58) 
B = t-A. (59) 

It is not difficult to show (the details are postponed to Appendix A), that 

e-'-^^D^,xG{x,y;m^)e'-^y\x=y = ^([D^, G^°^(x, e)] - 9^G™^(x, e) 

+G^(x,e)G=°^(x,e) - G=°^(x, e)G^(x, -e) 
+H^{x,e)G"'^{x,e) + G"'^{x,e)Hi,{x,-e)), (60) 
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where the functions G^{x, e) and H^{x, e) have the following expansion (the complete formulae 
are given in Appendix A) 



G^{x,e) 
Hf,{x,e) 
As a result we have 

5=°^(2;,e) = 



e^F^uix) - -[e-D,e^F^^{x)]+0{e'^), 
-^e^F^f,{x) + ^[e- D,e^F^^{x)] + 0{e^). 



-imG'"^x,e) + -j^{[D,„G'"^x,e)] - df,G'°^x,e) 

+G^ix, e)G^°^(x, e) - G^°^(x, e)G^ix, -e) 
+H^ix, e)G^°^(x, e) + G™^(x, e)H^{x, -e)). 



(61) 
(62) 



(63) 



and, putting the formulas together, 

1 



S"°^(x,e) 



/ 7 • e im m 7 • e 
16^ 

1 



1, 



+lnm>|2(-im3 - ^mac,/3F„^(x) - ^[D^,F^^]-/^ + ©(e)) 

1 7 • g[j:>^,F^i.]g^ _ 1 7^[£ ■ L'.F^^Jgt. 
3 kP 3 |e|2 



+ 



+ Oreg(l) . 



(64) 



Here we keep for the sake of further convenience also the terms, which are formally 0(1), 
but the e — !■ limit of which does not exist, but rather depends on the direction in which e 
approaches zero. As we shall see in the following, this terms are responsible for the anomalous 
divergence of the energy-momentum tensor. 



3 The anomalies via point-splitting 

The quantum anomalies generally mean a violation of the classical symmetry due to the 
quantum corrections, which cannot be avoided by suitable renormalization of the quantities 
involved. Historically, the first example of such a phenomenon was the famous Adler-Bell- 



Jackiw chiral anomaly |10|. It is connected with the so-called chiral U{1) transformation 



Sip = ia'y^ijj 
dip^ = iip^a'y^, (65) 

where a is an infinitesimal real parameter. The corresponding Noether current 

jf^bix) = V'"^7m75^ (66) 

obeys classically the following equation 

d ■ jbix) = 21771-0"'' 75V' (67) 

and it is conserved in the chiral limit m ^ 0. In the quantum case, however, the anomalous 
term ^^F*^F^y, (where F*^ is the dual tensor to F^y) appears on the right hand side of the 
previous equation, spoiling the chiral invariance of the theory. Though this term could be 



9 



removed by a suitable counterterm added to the chiral current j^5{x), this counterterm spoils 
gauge invariance and is therefore not admissible in any reasonable gauge theory. This situation 
is typical; the anomalous symmetries appear in pairs and saving one of them necessarily brings 
about spoiling of the other. Further example of the anomalous pair is the conflict between 
the scale and translational symmetries leading to the so called trace anomalyf][p^] . In the 
gravitational background there is also the so-called Lorentz anomaly, the consequence of which 
is the anomalous antisymmetric part of the energy-momentum tensor. For a comprehensive 



discussion of this and related topics see the books [13|, where also an extensive list of references 
can be found. 

In this section we give rather nonstandard derivation of the axial and trace anomalies 
via point-splitting regularization. We will show, that the anomalies in this formalism can 
be understood as the result of the non-invariance of the classical action with respect to the 
regularized nonlocal "point-split" transformations, which replace the naive form of the chiral 
rotation, scale transformation and (covariant) translation. The remnant of this noninvariance 
survives in the quantum case the procedure of removing the cut-off. This gives a partial ex- 
planation of why the point-splitting regularization produces anomaly in the divergence rather 
than in the trace of the energy- momentum tensor. The idea of the deformed transformations 



was used in similar context of the Fujikawa-like regularization procedures in the paper pil , 
where the anomalous pair of the chiral and abelian gauge symmetry was investigated. 

The main object of our interest is the Euclidean generating functional of the correlators 
of the gauge fermionic currents given formally as the fermionic functional integral 

Ze[A] = J Vi;+Vi;eM-SE),. (68) 

where 

Se = J d^xV'+l^T- Id +im)i^ (69) 

is the Euclidean action. We shall tacitly assume some intermediate regularization (e.g. Pauli- 
Villars) with the cut-off parameter A, which makes the functional integral well defined and 
which justifies the formal operations we are going to perform. This intermediate regularization 
will be removed at the end of the calculation. The only requirements on this regularization 
are that it does not deform the four-dimensional algebra of the 7— matrices (in order to 
preserve the four-dimensional 75 ) and also the property which we call "naturalness" - i.e. 
that it reproduces the true value of the convergent integrals after the cut-off is removed. The 
Ward-Takahashi identity, corresponding to the general infinitesimal change of the integration 
variables 

1/;+ tl;+ + 6il;+ (70) 

has the form 

where 6Se = J d^x5CE{x) is the variation of the action with respect to the transformation 
([70| ) . Here we pick up the formal remnant of the determinant of the change of the integration 

^It results in the anomalous trace of the energy-momentum tensor. 
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variables, which we assume to be consistently regularized by the above mentioned intermediate 
regularization]^. Within the naive form of the Ward-Takahashi identity this term is omitted, 
on the other hand it can be the source of the quantum anomaly provided it survives after the 
cut-off is removed^. Note that the local form of the Ward-Takahashi identity can be obtained 
by means of the standard technique of localizing the transformation (^0|) and can be written 
in the form 

(72) 

where 9{x) is an infinitesimal parameter of the localized transformation 

tP+ iP++e6'il;+ (73) 

and jfji{x) is the Noether current. Another subject of our investigation will be therefore the 
generating functional of the connected correlators of the gauge currents with one insertion of 
the divergence of the Noether current j^(x) or one insertion of the 5Ce{x) corresponding to 
the transformation ([70|) , assuming these operators to be regularized by point-splitting, i.e. 

d ■ i(x)-g • Ze[A], = {d ■ jixy''^)c = J Vi;+V^Pj^{xy^^eM-SE)\c 

= ZeIA]-' JvtP+Vi^j^ixy^^expi-SE) (74) 

and 

dCEixy"^ ■ Ze[AI = {5CE{xy''^)c = jvi;+Vi;5CE{xY'^eM-SE)\c 

= Ze[A]-^ Jv4;+V4;6CE{xy'^exp{-SE). (75) 

Here we need not assume any other intermediate regularization, since the loops with one 
insertion of the regularized operator are already finite and the loops without the operator 
insertion are formally cancelled. Alternatively we can think about this point-split functionals 
as being produced by removing the intermediate cut-off, which is possible because all the 
relevant integrals are finite and thanks to the required naturalness property of the intermediate 
regularization are not deformed by this procedure. This is the point of view we will adopt in 
the following. 

In the point-splitting method we introduce the anomaly as the insertion defined by the 
difference 

A{x)-Ze[AI= lim {d-j{xy'^^-ZE[Al-6CEixy''^-ZE[Al), (76) 

removed point— splitting 

*E.g. for the Pauli-Villars regularization this formaUy divergent expression is canceUed by the analogous 
term coming from the transformation of the regulator fields with opposite statistics. Within the framework of 
the dimensional regularization it vanishes by definition. 

^However, for the Pauli-Villars regularization, the source of the axial anomaly is the additional contribution 
of the regulator fields to SSe- Within the consistent dimensional regularization in this case also the additional 
terms appear in SSe due to the commutation of 75 with the 7,1 with fi > 4. 
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i.e. as the anomalous divergence of the Noether current in the hmit of the point-sphtting cut- 
off removed. Our strategy for calculation of the anomalies will be as follows. We first deform 
the localized transformation prescription (^) in such a way, that the corresponding Noether 
current is identical with the point-split Noether current of the original transformation. As a 
result, the local Ward-Takahashi identity ( [72| ) for the deformed transformation will produce 
the point-split version of the original identity, i.e. with the relevant composite operators reg- 
ularized by the point-splitting. As we shall see, the deformation of the transformation brings 
about the presence of additional terms in 6Se which prove to be the source of the anomaly. 
On the other hand, the determinant of the deformed transformation will be identically equal 
to one; this property also survives the process of removing of the intermediate cut-off. In the 
next sections we give explicit examples of this general strategy. 



4 The chiral anomaly 

Let us give the first illustration of the above described strategy. For the nonabelian chiral 
transformation 

Sip = 075 V' 
5,p+ = ip+a-f5 (77) 

where a = aaT"" is an antihermitian infinitesimal matrix from the Lie algebra of the gauge 
group, the Noether currents are identical with the axial currents given by 

jt^ = ^P+T'^j^j^^ (78) 

and on the classical level we have 

Df,j^^ = 5Ce{xT = 2imV+T^5V', (79) 

where 5Ce{xY is the variation of the Lagrangian under the chiral rotations. Our choice for 
the point-split version of these currents is0 

JsT^ = i^^{x + e)n{x + e, x)T'^7^75J^(x, x - e)^(x - e), (80) 

where Q{x,y) is the parallel transporter along the straight line connecting the points x and 
y. Note, that this definition gives gauge covariant expression; the regularized current multi- 
plet transforms according to the adjoint representation of the gauge group. For the further 
convenience, let us introduce also the point-split fields (cf. also Section ^) 

ipeix) = e~^'^ip{x) = ^}{x,x — e)ilj{x — e), 

^+(x) = V"^(x)e^'^ = V+(x + e)J7(x + e,x), (81) 

in terms of which 

Jtr = ^tT^^.l^A- (82) 

^"There are also other possibilities used in the literature, e.g. 

isT' = i'^i^ + e){n{x + e,x- e),T^h^j,^{x - e), 

which has also covariant transformation properties. Our choice was motivated mainly by the relative simplicity 
of the further calculation. 



12 



Let us note, that the fields ipe{x) and ipf{x) have the same transformation properties with 
respect to the gauge transformations as the original fields iIj{x) and il)~^{x). As a result, 
the regularized current j'^^'^j^^ is gauge covariant. Note also, that the covariant propagator 
introduced in the previous section can be expressed in terms of the correlator of the point- 
split fields 



The variation of the Lagrangian under the chiral rotations, which represent the naive diver- 
gence of the axial currents 

6Ce{x)'' = 2imi;+T''-f5i; (84) 

can be regulated analogously as 

dCEix)"^'''^ = 2imV'+(x + e)n{x + e, x)T"'-f^n{x, x - e)'4){x - e) = 2-im'ipfT''j5'ipe- 

Let us now introduce the deformed local chiral rotation with infinitesimal parameter 
a{x) = Qa(x)T'* as follows 

S,p = e-^-^a75e-^-^V, 
Si/j^ = V+e^-^a75e^-^. (85) 

Because of the shift of the argument in the expression for 5i{j and 5'ip~^ , we have 

^""y 6iP{x) + 6iP+{x) ) ^ ^^^^ 

independently of the intermediate regularization. The change of the Euclidean action under 
the deformed local chiral rotation (IsBI) is 



5Se = j d^x {ijtb ■ D, a]75^. + 2imV^,+a75^/'.) (87) 
+ J d'x (^^+(a75[e-"^,7- Bje^'^ - e-^'^^- 5, e^S]75a)V^,) . 

Inserting this to the Ward-Takahashi identity (71) and removing the intermediate cut-off we 
get for the covariant divergence of the point-split axial current 

^mOsT')- = 2im(V,+T"75V'.)c + At, 
where the point-split axial anomaly is given by the formula (cf. (|7^) and (^)) 

At = (V',+ (r«75[e-2,7-B]e-2-e-S[^.B,e-S]r»75)V.,), 
= -Tr5™"75(r'^[e-"-^,7- Bje"'^ + e-^'^b- 5,e^-^]r"); 
here the trace is taken over both the Dirac and color indices. Remembering the formulae 

[e— ^,D^]e-^ = G^(x,e) (90) 
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and 



e-«[Z)^,e-^] = -G^(x,-e) (91) 

we get for the anomaly 

At = -TrS=°"75([^^7 • G+] + {r",7 • G~}) (92) 

where 



i.e. (cf. also Appendix A) 



G± (x, e) = ^ (G^ (x, e) ± (x, -e) ) , (93) 



G+(x,e) = -l[e.D,F^,]e, + c:)([e|4), (94) 

G;(x,e) = e,F^,(x) + 0(|e|3). (95) 

From the expression for the short distance behavior of the covariant propagator we see that 
only the second term on the right hand side of (|92|) contributes in the limit e ^ 



Al = -Tr [--^ (^i|^F;,7,7„ + 0(1)) {{T\ F^^e^} + 0{e^))^ . (96) 

Taking the average over the directions of the four-vector and performing the trace of the 
Dirac matrices we get finally the covariant form of the axial anomaly 

^5 = + 0{e), (97) 

where Tic means a trace over the color indices only. 

5 The vector anomaly 

As another simple application of the above described method let us consider the nonabelian 
gauge transformation 

Sip = atjj 

5i/j+ = -ip+a (98) 

where again a = OaT"". The corresponding Noether currents 

ja ^ ^+T-^^^ (99) 

are covariantly conserved at the classical level, i.e. 

^mJm = 0- (100) 
Let us choose the following point-split version of these vector currents^ 

f/^'' = i^tT'^lf.A. (101) 

^^Here again the regularized current is gauge covariant because of the transformation properties of the 

point-spht fields tp^ and tp^ . 
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Because the gauge covariance is manifest within our point-sphtting regularization scheme, 
we do not expect any anomalous divergence. This can be easily proved using the technique 
described above. Let us consider the point-split transformation with infinitesimal parameter 
a{x) = aa{x)T^ 

5ip+ = _^+e^-^ae^-^. (102) 
The variation of the action is then 

5Se = J d^a;(^V?[7-^,a]V'. + V'^(a[e"''^,7-B]e^-^ + e-^-^[7-B,e"-^]a)?/;,^ . (103) 

We have therefore the following point-split Ward-Takahashi identity 

D,{f/^^)=A'^ (104) 

where the possible vector anomaly is 

A"" = (V'+(r"[e-^-^,7- B]e^-^ + e-^-S[7- B, e=-^]r")V'e). (105) 

This can be rewritten in the form 

A'' = -Tr5™^(r"G(x, e) • 7 - 7 • G{x, -e)T'') (106) 

where G^{x,e) was introduced in the previous section. Note, that e • G{x,e) = and 
G^{x,e) = 0{e). Using the formula for the covariant propagator, which implies 

Trz55™-7/. = ^\^-^ + m^^ + hnm'\e\^[D^,F^^] 

-^'-0[D„F,,] + ^'-0[D„F,,] + Orcg(l)} , (107) 

we get 

" (" + + ^^^"^ '^''0 ^) - = 1^1') 

(108) 

and therefore the vector current is anomaly free in the limit of the removed point-splitting. 



6 The trace anomaly 

Another example of the strategy of deformed transformation is the trace anomaly of the 
canonical gauge invariant energy-momentum tensorP] 

V = ^V'+Tm Du i^- (109) 

^^This tensor is not symmetric; the construction of the symmetric energy-momentum tensor wiU be discussed 
in the next section. 
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Let us consider the scale transformation 

5^ = Xip, 

6tP+ = ^+A, (110) 

where A is a real infinitesimal parameter. The corresponding Noether current is identically 
zero and the change of the action under localized scale transformation with parameter X{x) 
is 

SSe = J d^x 2A(a;) D + imV'+^^ = J d^x 2A(x) (0/,^ + imV'+V') • (m) 

On the classical level we have therefore 

0^^ = -imij+i;. (112) 
The regularized form of the relevant composite operators igf^ 



= oV'e+TM A (113) 



1 

— 'I 

2 
and 

= ^+^^. (114) 



these regularized expressions are gauge invariant. The point-split version of the transforma- 
tion (pIOD is then 



Stp = e-"-^Ae-^-^V, 
64,+ = tP+q^-D\q^-d. (115) 

The Jacobian of this deformed scaling is identically equal to one for the same reason as before. 



The variation of the action reproduces the point-split form of ( 111 ) and acquires an additional 
term, which is the potential source of the trace anomaly 



6Se 



d X 2A ( -ji^J^- D i^e + imil)Jijj^ 



+ / d^xA ( V^([e-^-^,7- DW^ - e-^-^[7- Z),e^-^])V', 



e-D 



-e-D\ 



(116) 



i.e. we have 



{0-s), = -i(mV^,+V'.)c + ^*^^^^ (117) 

where 

= -^(V',+ ([e-^-^,7-B]e^-^-e-^-S[7-B,e^-S])^,), 

= TY5"°^7-G+, (118) 



Other forms of the point-spht tensor SJ^if are used in the hterature as weU. Our choice is again motivated 



by simphcity. 
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where was introduced via the formula (93). Using the formulae (107) and (^) we get 



trace 



Tr 



c 



f 1 



Vl67r2 



l[e.D,F^,]e, + 0{\e\^))y (119) 



and, after taking the average over the direction of the four- vector e^, 

It means that there is no trace anomaly within the point-splitting regularization. 



(120) 



7 The translation anomaly 

Because there is no anomaly in the trace of the point-split energy- momentum tensor, we expect 
the appearance of an anomaly in its divergence. Assume therefore the covariant translation 
of the fields, parametrized by an infinitesimal four-vector a 

5ip = a ■ Dtp, 

= '4)+D -a. (121) 

The canonical Noether current associated with this transformation is identical with the 



energy-momentum tensor (109) introduced above. The variation of the action with respect 
to the localized version of this transformation, which gives the classical divergence of the 
energy-momentum tensor, is 



5Se 



d^x 



-a„d^ (l^"^7/i Dv'^J^ +a-d {^ip^l- D t/j + im^'+V') + a^ip~^j^F^uip 
= J d^x [-a^d^e^^ + a-d {e^^ + im^+V) + o^V^'^Tm^m^^] > (122) 
on the classical level we have therefore 

^^,e^, = i^+j^F^,^. (123) 

We again regularize the operators involved according to the (113), (114) and to the prescrip- 
tion 



(124) 



In order to get the Ward-Takahashi identity for the point-split operators, we deform the 
(local) covariant translation as follows 



5^ = e-'-^a- De~'-^xp 



(125) 



We have then for the variation of the action 



SSf 



d^x 



(126) 
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and therefore 



d^e'^^)c = d,{\^tT DA + im^t^e)c + {^t7^F^uA)c + A, (127) 
where the anomaly is given by the formula 

A, = {i^tiDu • ^¥ ~^ - e-"^[7- B,e-S] B.)V.)c. (128) 

Expressing this in terms of the above introduced G functions we have 



+ {^Pt(D,7■G- -^■G-D,)iPe). (129) 

Let us work out also the last term. For the derivatives of the point-split fields with respect 
to the parameter e we have the following useful formulae 



dtA = - / dte-*^-^D,e*^-^Ve 
Jo 



-D^^Pe + T^{x,e)i;e (130) 



and 



Jo 

= ipt Du +ipt^u{x,-e), (131) 

where means the partial derivative with respect to e and where T^{x,e) = H^{x,£) — 
G^{x, e) (the functions G^{x, e) and H^{x, e) were already introduced in the previous sections, 
their explicit formp] is given in Appendix A.) I.e. 



A = ^,{^Pth■G-^)A)c-{i't[Du,7■G+]^|J,), 
+ {^^Jf0l^.G-+J■G-^l)i;e)c 

-(V'+(r,(x, -eh • G- + 7 • G-r,(x, e))ip,)c, (132) 



^*Note also, that we can also write 



Tf,{x,e) = -/ dt[e-*"-°,Z)^]e'"-° = - / dtG^ix,te) 



(n + 2) 

Here the second line is a consequence of the explicit formula for G,i(a;,e), which is given in Appendix A. 
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or, in terms of the covariant propagator, 



X = -Tr(5^S™^)7 • G- - 9^Tr5"°^7 • G+ 

+Tr5™^([Z)„ 7 • G+] + r,{x, -eh • G" + 7 • G-r,{x, e)). (133) 

Let us recall, that G+(x,e) = O(e^) and G^(x,e) = r^(x,e) = 0(e), therefore in 

the second and third term on the right hand side of ( |133|) only the first two terms of the 
expansion of TrS'™^7^ can contribute. However, these terms are proportional to and 
because e ■ G^{x,e) = 0, their contribution vanishes. So that only the first term on the right 
hand side of ( |133| ) can survive and we get for the anomaly the following simple formula 

A, = -Tr(5^5=°^)7 • G- + 0{e). (134) 
This gives, after some algebraf^ 

Au = - T^Trc {5[Da,F^p]Fp, + [D„ F^p\F^p + [Z?„, Fp,]Fp^) . (135) 
Inserting here the identity [-Dq, = |[-Diy, we get finally 

A = -^^/^Trc + + 0{e) (136) 



'^1/ — F^cfFai, + -5fj,i^Faf3Fai3. (137) 



where 

1 

4 

As we have expected, the anomaly is shifted to the divergence of the energy-momentum 
tensor. We can recover the trace anomaly by redefinition (finite subtraction) of this tensor 
according to the prescription 

= ' + ^Trc + . (138) 

The redefined energy-momentum tensor has the standard trace anomaly 

{K^)c = -i{m^ti'e)c + ^TicF^pF^p + 0{e) (139) 



^Note, that = EcrF^^a + C'(e^) and 



and therefore 



Trudys 7m - ^1 + ^ ^ZW^ ' 



3 \e 



4 [-^P 1 Fpa 



1 (<?t/p£o- + <?i^n-£p)|g| 2£i^£p£j |. 1 I /n nr, ic-r 

+ - j^n [i^pj-t^M^rJ + <-^rog(m |£l 
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and its divergence is anomaly free. This is an illustration of the anomalous symmetry pair 
phenomenon. 

Let us briefly comment on this result. As we have seen, the nonstandard terms in the 
variation of the action under corresponding point-split transformations are present both for 
the scale transformation and translation. The anomalies are therefore not a priori excluded 
either in the trace or in the divergence of the energy-momentum tensor. Although our point 
of view does not explain why it appears in the divergence and not in the trace (this result is 
hidden in the short distance asymptotics of the covariant propagator), it at least sheds a new 
light on the well known fact that point-splitting regularization is in a conflict with (covariant) 
translations. 

8 The symmetric energy-momentum tensor and the Lorentz 
anomaly 

As we have mentioned above, the canonical energy-momentum tensor is not symmetric. In 
this section we give construction of the modified energy- momentum tensor, which does not 
suffer from this inconvenient property. 

Let us start with the local SO {4) rotation of the fermion fields 

<5V+ = -^i^^C7f,^L0^^ (140) 

with the parameter lo^u{x). The variation of the action with respect to this transformation 
can be written as 

^SE = \j d^xo;^, [-5a(^+{7a, <r^,}il,) + 4i( V - 6,^)] . (141) 
with being the canonical energy-momentum tensor ( |109| ). Classically, using the identities 

we get then the following on-shell relation, 

0fj.u - Ou^i = -^daill'~^{ja, CTfiu}'^) = fiua\da{lp~^ JXjbi') ■ (143) 

Thus, the classical symmetric energy-momentum tensor T^i, 

V = ^(V + 0u^.) = li^-'lf. Du^ + i^^lu ^) (144) 
can be expressed on shell as 

T^v = O^u - ^^tiuaxdaii^^lXl^lp) (145) 

and has therefore the same trace and divergence as the canonical tensor 0^,^. 
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Let us now derive the quantum analog of the identity ( |145| ), vahd for the point-spht 
energy-momentum tensor T^°^ defined as 

r;^/ = \{0'^^ + O = \{^tl, + ^tl^ D, A) (146) 

We shall use here again the idea of the point-split transformation. The suitable deforma- 
tion of the local 50(4) rotation (|14[1|) is 



Sijj = ^e ^-^w^^e ^'^af,yi} 



2 

1 

2' 



= --^+a^,e^uj^,e^ (147) 



The variation of the action under this transformation gives the following regularized form of 
the formula ( |141| ) and 



nregx 

VfJ, I 



-2V'+(^7^.[e— 2,7- B]e^-^ + e-^-S[7. B, e-S]^^^)^,,]. (148) 



The Ward-Takahashi identity corresponding to the transformation (|147| ) can be therefore 
rewritten in the form 

{0'^^ - Oc = \e^,uMi^tlM^i^e)c + A^, (149) 

where 

A^, = -A,^ = -^(V'?(a^.[e-^-^,7- B]e^-^ + e-^-S[7- B, e^-^]a^.)Ve)c (150) 



is a possible anomaly term corresponding to the violation of the naive identity (143). Such an 
anomaly is called Lorentz anomaly. The regularized form of the symmetric energy- momentum 
tensor T^^^ is therefore]^ 



T';j' = e^^^ - ^e^.„A5„(V'+7A75V'e) - \a,u. (151) 



Provided the anomaly does not vanish, we may get modification of the divergence of the 
quantum symmetric energy-momentum T^^^ tensor, which, unlike in the classical case, would 
not be the same as the divergence of the canonical tensor 0^°^. For the anomaly we have, 
using the identities (142) and the definition of the functions G{x,e) and G^(x,e) 

A^, = ^TV5™^(a^,7-G(:E,e)-G(x,-e)-7CT^,) 

= -Tr5=°^[(5^,7, - 5,„7^)G+(x,e) + e^.aA7A75G-(x, e)]. (152) 



^^This operator identity should be understood as the statement for the corresponding generating functionals 
with operator insertions, i.e. 
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Using now the explicit formulae for 5™^ and the functions G(x,e) and G^(x,e), it is easy to 
show, that in the symmetric limit e — > we get 

= 0{e) (153) 

i.e., there is no 50(4) anomaly and the regularized symmetric energy- momentum tensor (|15lD 
has the same trace and divergence as the canonical one in the limit of the removed cut-off. 



9 Non-covariant point-splitting 

In the previous sections we have introduced a gauge covariant version of the point-splitting 
regularization for various Noether currents. In this section we relax this restriction and try to 
show how the violation of the gauge covariance effects the structure of the anomalies discussed 
above. 

The simplest type of the non-covariant point-splitting can be achieved by replacing the 
parallel transporter Q{x,y) (which ensured the gauge covariance of the regularized currents) 
by a deformed one according to the prescription 

n{x,y) = P exp dt{x - y) ■ A{y + t{x - y))^ ^ 

Pexp(^-a dt{x - y) ■ A{y + t{x - y))^ =n{x,y) (154) 

where a is a real parameter^ Gauge covariance is then recovered putting a = 1. For further 
convenience let us introduce the following notation 

ipe{x) = ^{x,x — e)^lJ{x — e) = e~^'^^lJ{x) = Q-ipsix), 

ipf(x) = i;+{x + e)n{x + e,x) = 'ip^{x)e'-^ = ij+ix)n+. (155) 

Here D = d + aA and, using the results of the previous sections, 

n_ = J^(x,x-e)f]+(x,x-e) = e-"-V-^, 

fi+ = n^{x + e,x)h{x + e,x) = e-'-^e^-^. (156) 

From the operator expressions the e— expansion of these matrix functions can be easily ob- 
tained, the explicit formulae are given in Appendix B. The non-covariantly regularized cur- 
rents are now built from the modified point-split fields ipeix) and ipf{x) and (in analogy 
with the previous sections) they can be understood as the Noether currents corresponding to 
the modified point-split transformations (|85|), ( |102| ), (|102| ) and (125). Such modification is 
given by replacing the covariant derivative with the deformed one D ^ D e.g. the modified 
point-split chiral rotation reads 

'5^1, = e-^-^a75e-^-^V, 

= V+e"-^a75e^-^. (157) 



^'^That means 0,{x, y) corresponds to the paralell transporter allong the straight Une connecting the points 
X and y in the gauge field aA{x) instead of A{x). 
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The above described change of the regularization scheme modifies generally the Noether 
currents j^, j'^^, O^y and the composite operators = ip^T"-ip and p° = ip^T^-j^ip entering 
the Ward-Takahashi identities by means of adding non-covariant counterterms Aj^ , Aj^g, 
AO^i,, As" and Ap" respectively. In this section we give a list of such counterterms and 
deduce from it the additional spurious contributions to the anomalies. These contributions 
can be expressed by the following formulae, which follow from the regularized form of the 
Ward-Takahashi identities^ 

AAt = i?^Ai«5 - 2imAr 

^^trace ^ A^^^^ + imAs 

AAf,u = A9f,^- Aeuf,-^ef,^axdaA]x5 (158) 

Let us start with the axial currents. The non-covariant point-split regularization of this 
operator is 

l^r^i^) = i^+{x + e)n{x + e,x)T''j^-f5n{x,x-e)ij{x-e) 

= V^+r^^75V^. = V'^J^+T^^75f^-V'.- (159) 
and it differs from the covariant one by the following counterterm 

= -TrS"°^7^75(17+T'^f]_ -T-^). (160) 



Using the expansion 
we get 



fi^ = 1 + (1 - a)e • A{x) + 0{e^) (161) 



AjsT' = Trc [[^F:^{x) + 0(1)) ({^^e • A{x)} + 0{s'))^ (162) 
and after the symmetrization over the direction of e 

AJsr = \^T^cT^{A.{x),F:^{x)} + 0{e). (163) 

In the same way we can prove, that for the pseudoscalar density p = ip~^'y5ip we get countert- 
erm which vanishes in the limit of the removed point-splitting 

A^''^'^'^ = ii^tT^i^A - i^tT^i^i^e) = -TrS^°^75(^^+^'^^^_ - r'^) 

= 0{e). (164) 
The chiral Ward-Takahashi identity has now the following form 

dMT) = 2im{i^tT''7,A) + At (165) 

^®Here — i/)"'"7^^ and j^s = V'^TfiTsV' the singlet currents and Aj'^j and Aj^s are corresponding 
counterterms. The same notation without superscript is used for the singlet scalar and pseudoscalar densities. 
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where 



(166) 

Note, that for the abeUan case we have 



A5 = -^F;,ix)F^,ix) (167) 



1 + a 
167r2 

and the anomaly can be ehminated taking a = — 1, cf. [pl|]. 

Because the gauge symmetry is violated in this regularization scheme, we expect also 
anomalous divergence of the gauge current 

-a,reg ^ ^+T-^^^, = i^t^+T^li^^-i^e- (168) 

For the counterterm we have 

= -Tr5"°^7^(S7+r'*S7_ - T*^) 

A fft - + \e\)] Trcin+T-n^ - T^) (169) 



47r2 V|e|^ |ep 
Using the formula (see Appendix B) 

n-n+ = l + 2{l-a){A{x)-e) + 2{l-af{A{x)-ef 



+^(1 - af{A{x) ■ ef + ^(1 - a)(2 - a)[{A{x) • e), {e • d){A{x) ■ e)] 
+1(1 _ a){e ■ df{Aix) ■ e) + ©(e^) (170) 



we get after the symmetrization over the direction of e 
Air' = ^TrcT'^ ((^ - -')^/^ 



+^^—^{Af,A -A + A- AAf, + A^A^A^) 
' " {[A^, d-A] + [A,, d^A,\ + [A,, d,A^\) 



+—(2d^d-A + d^A^)]+0{e). (171) 
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1 

36 

The regularized current j^''^'^^ has therefore anomalous divergence 

and the gauge anomaly is 

A' = ll^TVcT'^[Z?^,((^-mVM 



(1 z^? 
9 



+ ^ ^ ' {A^A -A + A- AA^ + AyA^,Ay) 



+ ^l-A(yA^^d-A] + [A,,d^A,] + [^.,a,^^]) 



+l-{2d^d-A + d^A,))]+0{e). (173) 
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In the abehan case (cf. [0]) we get 

A=^((-^-mAd-A+ ^d^d ■ A + 11^(^2^ . A + 2A,A ■ dA,)] (174) 



which together with ( 167 ) reproduces the well known one-parameter family of gauge and 
chiral anomalies |14]. 

Let us now calculate the non-covariantly regularized energy-momentum tensor. We have 

= l^tif^ A. 4 = li^t^+if^ A. n.i^e (175) 

and the non-covariant counterterm can be rewritten after simple manipulation in the form 

1 
2 

Using the identities ( |13[)| ) and (131), we have then 



= i^{i^tif^i^+[Du,^~] - [n+,Du]n- + (n+n. -i)d,- Du - 1))^,). (i76) 



+(j7+f)_ - i)r^(x, e) + r^(x, -e){n+n_ - 1)) 

+^Tr{d!,S'°^j,){n+n^-l). (177) 
After some algebra (the details are given in Appendix B) we get 

A^Ll^ = ^-^^^Trc(d,.A'(2m'--\,]-2A,AJm' ^ 



~ 487r2 -C. ^-M^'- l^p; --M--^'- |^|2 

-■^^^1Vc(8V^a[^/3,i^/3a] " U{A^[Da, F^u] + A^[Da, Fa^,]) 

-5{A^[D^,F^a]+Aa[D^,F^^]) 

+ (1 - a)(V(2A ■dd-A + Ao,d^A^) + {A^d, + A,d^)d ■ A 

+A ■ d{d,Af, + df,A,) + AA^df,d,A^ - A^d^A, - A.d^A^ 

+3([^„, A^]{d^A^ + daA^) + [Ao,,A^]{d^Ao, + 5„^^))) 

+(1 - a)\6^,,{2A^ + A^ApAo^Ap) - A{{A^, A,}A^ + A^,A^A,A^))) 

-^^^^TVc((a + ^\A^\D^,F^^\ - A^\D^, F^^\) + (a - 4)A • dF^^ 

+(1 - a)[A^d'A, - A.d'A^ - 2A ■ d\A^, A,])) (178) 

where we picked up the divergent, symmetric and antisymmetric part. 

Let us calculate also the non-covariant counterterm for the scalar density s = V'^V'j we 
have using ( |170| ) 

As = = -Tr5™"(S^+^^--l) 

= il^imTVcA2. (179) 

For the trace anomaly in the non-covariant regularization scheme we get then 

_^trace ^ ^^reg ^ ^ _iL_^T>c(2A • 55 • A + ^^^^A^), (180) 
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The spurious Lorentz anomaly can be also easily found as 

= -^^^IVc((a + Q){A^[D^,F^,] - A,[D^,Fo,^]) + (a - A)A ■ dF^, 

+(1 - a){A^d^A, - A.d^A^ - 2A ■ d[A^, A,])) 

-\^daTTciAaF^, + A^F^a - A^F^a), (181) 



or, after some algebra, 



A^u = -—^ia{Af,[D^,Fa^]-A4Do„Faf,]) + ia + 2)A-dF^^ 
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+6i[D„,A^]d,A^ - [D^,A,]d^A^ + F^,d ■ A) 

+(1 - a){A^d^A, - A.d^A^ - 2A ■ d[A^, A,])). (182) 



Especially in the abelian case we have 

A^. = \^(^^{A^d,-A,d^)d-A-^{2 + a)A-dF^, 



l{A^d^A,-A,d^A^) 



-F^^d-A- {daA^){d,Ao,) + {daA,){d^AS). (183) 
For the translation anomaly we get 



6F„,,A,,, T-TT - m 



^^=^5^'IVc(8(5^,^a[L>;3,i^/3a] - n{A^[Da, F^,] + A,[D^, F^^]) 
-b{A^[D,,F^a\ + A^[D^,F,^]) 

+(1 - a) (-5(5^, (2^ • as • A + Ac^S^A^) + {A^d, + A5^)a ■ ^ 
+A ■ d{d,A^ + a^^,) + 4A«5^5,A« - ^^5'^, - A^d'^A^ 
+3([A«, A^](5^^a + a«A^) + [A^, A^]{df,Ao, + d^Af,))) 
+(1 - af{5^,{2A^ + A«A^^„^^) - 4({A^, + A^A^A,^,,))) 

^^^5/,IVc((a + 6)(A[L>a,i^a.] - A,[L»c„Fc,^]) + (a - 4)^ ■ SF^, 

+(1 - a){A^d^A, - A.d^A^ - 2A ■ d[A^, A,])) 

■^^TrcF^.(4(l - af{A^A .A + A-AA^ + A.A^A,) 
+(2 - a){[A^, d-A] + [A,, d^A,] + [A„ d,A^]) 

+(29^5 -^ + 5%))) (184) 
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Let us note, that the formulae ( |166| ), (|173| ), ( |180| ), ( |182|) and (|18^ ) for the anomahes can 
be also obtained by means of the corresponding modification of the Ward-Takahashi identities 
approach used in the previous sections. E.g. we have the following Ward-Takahashi identity 
for the non-covariantly point-split chiral transformation ( |157| ) 



5Se = J d'^x (V'^ [7 • D, a]75V'e + 217714) f a-f^tpe) 

+ J d'x (^V^+(a75[e-^-^,7- B]e-^ - e-^^- D,e'''MA^ , (185) 

that means we have 

At = (^+(a75[e-^-^,7- B]e-^ - e-^^- B, e-^]75a)V^,). (186) 
It is an easy exercise to prove, that this expression reproduces the formula ( [1661) . 



10 Properties of the vector current 

In the previous section we have defined the covariant vector current by means of the formula 

f/^^ = TPtT^l.A- (187) 

From this formula it follows immediately that the regularized current transforms covariantly 
under the gauge transformations. There exist also other definitions of the covariant point- 
split currents, which differ from this by the order of the parallel transporter and the gauge 
generator T". E.g. in ref. Q the authors use the prescription 



V'+(x + e)T''-ff,n{x + e,x- e)i;{x - e) (188) 



or 



Cxl) = 2^ + ^nT^^^ix + £,x- e)hMx - £)■ (189) 
Let us now clarify the relations between these currents. We can write 



or, using the identity 
we have 



f^xl) = V'?e-^e-9r"7^J](x + e,x)V'., (190) 

n{x + e,x) =e-^-'^e^-^, (191) 

= V'.+e-^-Sr^^e^-S^,. (192) 
That means the current ( |187D and (|188| ) differ by the counterterm 

Ad)^;'^ = (v^,+(e-SrvS-r'^)7^V.) 

= -TrS"°^7^(e-^-^TV^ -T'^). (193) 
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Because 



we have 

x{[e-D,T-] + he- D, [e ■ D, T'^]] + he ■ D,[e ■ D[e ■ D, T«]]] + 0(e^)) 
z 

= C'(e,eln|e|), (195) 
in the same way we can easily prove 

That means that all the above introduced currents are equivalent in the limit of the removed 
point-splitting (cf. But only one of them, namely j^'^'^^{x), transforms covariantly 

according to the naive prescription 

j^{x) ^ U{x)j^{x)U+{x) (197) 

already on the regularized level, the other currents have shifted the space time argument of 
the transformation matrix U. 

Let us investigate also another property of the general regularized current j'^'^^^{x). Pro- 
vided the integrability conditions 

are satisfied, the current can be expressed as a functional derivative of the effective action 
functional r£;[^] = lnZ£;[j4], i.e. 

j-'-^(x) • Ze[A] = {f/'^{x)), = -^^^TeIAI (199) 

or, equivalently, it can be integrated to define the consistent effective action consistent with 
the relation (|l||) 

Te[A] = -£<^tJ d^xA''^ix)f/'^x) ■ ZEitAl. (200) 

j'^'^^^{x) ■ Ze[A]c can be then interpreted as a consistent generator of the correlators of the 
vector currents (i.e. which obeys Bose symmetry) corresponding to the naive formula 



On the other hand, provided the right hand side of (|19^ ) is nonzero, the effective action 
defined by means of the integral (|20C| ) does not yield the original current, but the integrable 
one (cf. also @ and ||]) 



J^/^^x) ■ Ze[A] = -^A_YE[A], = f^''^{x) ■ Ze[A] - j\tt I d'yi;tix,y)[tA]Al{y) 

^ (202) 
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the covariant derivative of which gives the consistent anomaly satisfying the Wess-Zumino 
consistency conditions [^]. 

Another characteristics of the general point-split current is the violation of the covariance 

C^^x,y)[A] = . Ze[A], - 5^'\x - y)r'f/'Hx) • Ze[A],. (203) 

where D'^'^{y) = d^S"''^ + f'^"'A'l{y) is the covariant derivative in the adjoint representation 
and f'^'^"' are the totally antisymmetric structure constants of the gauge group. C^^(x, 



can be rewritten using ( |198| ) to the form (cf. ref. [[l5[ ) 

= D:%y)I%{x,y)[A] + j^^Dl%y)fr^{y^ 

= -D:^{y)Ill{y^x)[A] + j^^A'^{y)[A] (204) 

where ^"(y)[y4] = D^^ (y) {j^'^^^ {y)) c is the anomaly. From this equation it is easily seen, that 
anomaly free integrable current is necessary covariant and covariant and integrable current 
must be anomaly free. 

As an illustration, we prove in the following that for the covariant point-splitting described 
in the previous sections the integrability conditions ( |198D are not violated (cf. also [^). Let 
us decompose the covariantly regularized current ( 187D into two parts, namely 

jr'=ir'-^r'^ (205) 

where j^'^^^ is the non-covariantly regularized vector current ( |168| ) described in the previous 
section and Aj'^'^^^ is the corresponding counterterm and choose appropriately the value of 
the regularization parameter a in order to simplify the calculations of I'^{x^y) as much as 
possible. The contribution AI^'^{x,y) of the counterterm Aj^'^^^ to the left hand side of the 
integrability condition ( [L98| ) can be easily obtained from the formula (169) as 

+0{e,e\n\e\). (206) 

The contribution of the non-covariantly regularized vector current, I^^{x,y), can be rewritten 
in the form 

= -(V^+(x)r%4(x)V+(y)rV^(y))e + {i;+{x)T''j^i;{x)i;t{y)T'j,My))c 
+ {^^{x){j^^e^-^)T^^,Mx))c + (^^ (x)r^^(^^e--5)V(x)), 

(207) 
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Putting in this formula the value of the regularization parameter o = 0, we get much less 
complicated expression 

5'(^'y)l«=o = -(V'+(x + e)r'^7MV'(^-e)V'+(y)rS.V(y))c 
+(V+(x)r"7^V(a;)V'+(y + - e)>c 

= W7^5(x-e,y)TS,5(y,x + e) 

-TrT"7^5(a;, y + e)rS,5(y -e,x). (208) 

For X ^ y the right hand side is easily seen to vanish in the limit e — > 0, however for x = y 
we get singular expression; i.e. I'^u{x,y)\a=Q as a function of y is a distribution concentrated 
at y = X. Let us therefore calculate the expression 

ld^yBt{y)lfjx,y)\a=o = j d^y{T,T'^-i^S{x - e,y)B{y) ■ ^S{y,x + e) 

-TTT^-i^S{x, y + e)B{y) ■ jS{y - e, x)), (209) 

where B^{y) are appropriately smooth test functions with compact support. Inserting here 
the expansion of the propagator 

^ W n ^-jx-y) , ^ l-jx- y){x - y) ■ A{x) . 1 



1 ■ {x - y){x - y) ■ A{x)A{x) ■ {x - y) ^ 1 2 I ' {x - y) 

|x — 2 \x — yp 

^l (x-y).F- (^)7,75 _ ■^ (x-y)-y) ^ 0(1^ [,|)\ ^ (210) 

2 |x — y|^ |x — y|^ y 

where x = (x + y)/2, we find after the substitution y = x + \£\z , that the potentially most 
singular term stemming from the product of the leading singularity in the expansion of S{x, y) 
cancel and the only terms, which survives the limit e — s- comes from the product of the first 
two terms of ( plOj ), namely 



j d^yBliy^Hix^y^^o = -^T¥b (7^7,7,7^)- j d^zBl{x + \e\z) 



here we denote 



|A+|4|A_|4 
x(T¥c(r°T''(A^(x+) - ^^(x_))A_^) 
+Trc(r''T'^(A^(x+) -^^(x_))A+^)) + 0(eln|e|), (211) 



A± = ^^^ = ^(z±n) (212) 
x± = ]^{x + y±e) = x + ]^\e\{z±n) (213) 



and n = e/\e\ . We have therefore, after the substitution z —z in the second term 



/ 



d^y5^(y)/^^(x,y)|,=o = -^TVz)(7M7a7.7/3)i?'(^)Trc([^^ r^]95A^)n5 J^^^^l") 

+0(eln|e|), (214) 
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where 



4 A+qA_/3A_^ 



iA+|4|A_|4 

= —{Sapriy - df^yUa + 6a'yni3 -2nani3n^). (215) 
o 

I.e. after taking the average over the directions of n and some algebra we get 

i;l{x,y)\a=o = -^6^^\x-y)Trc{[T'',T%^,d-A + d^A, + d,A^)) 

+0(e,eln|e|) (216) 

and^ 

I^t{x,y) = lfAx,y)\a=o - A5^(x,y)U=o = 0{e,eln \e\). 

That means the covariantly regularized vector current is integrable and, because its divergence 
is zero, the effective action ( |20C1| ) is gauge invariant. 

^^We could also obtain this result in a more direct way and get independent check of the calculation. Let 
us write 

I^lix.y)^^^ = TrT''^^Q.{x,x ~ £)S{x - £,y)T'''yvS{y,x + £)Q,{x + £,x) 

-TrT'jMiy, y - £)S{y - £, x)T^^^S{x, y + £)n{y + £, y) 

Ci^,yY'^ = Tr5^°^(x,e)7^(A^(:r,y,-e)r"-r"A^(x,y,e)) 

~TrS^°''{y,£h4A;iy,x,-£)T''-T''A;{y,x,£)) 

AUx,y,£) = (^_i_e--^)e-^ = -^^ie--^£.5(^)(^-y)TV-° 
= E ferSrl" ■D,ls-D,[---[£- D, £^5^'^ {x - y)T'-] ...]]. 

n = 

Using the same method as in the main text, we can easily prove that /^^^(x, i/)'^^ = 0. We have therefore, 
dropping terms which vanish after symmetrization over the directions of the four-vector e, 

jab/ \(2) 1 / £i.i£v 2£fi£v I 1% 



where 



and 



where 



47r2 \^ |e|4 |£|2 
xTrc (^^£ ■ dS'-^^x - y)[£ ■ A{x),T'']j 
+ ls'^'\x-y)[£-D,[£-Aix),T']]T'' 



+ ■ dfS^^Hx - y)T^T^ + - {{x, a) ^ (y, b}) 

0{£,£ln\£\), 



lfi,{x,y) = e'(e,£ln|el). 
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As it is seen from formula ( p06| ) , for the non-covariant point-splitting 

Iltix^y) = Alf^ix, y) = ^'^~ ~ 6^^^ (x - y)TVc[r", T^] {6,,d ■ A + d,A, + d,A,) 
+0{e,eln\e\) (217) 

and therefore we can recover integr ability also for a = 2. We can also enlarge the class 
of regularizations and construct one parametric set of integrable non-covariant vector cur- 
rents within such an enlarged point-splitting scheme in the following way. Let us define the 
regularized current to be 

f/''Hx;a,b) = ^{^tix,a)T'^j^Mx,b)+^ti^,b)T-l^^Mx,a)) (218) 

where 



V^+(x,o) = V'(^)e^'^^"^ (219) 

and D{a) = d + a A. This broad class of regularizations naturally incorporates the previ- 
ously introduced currents for special choice of the parameters a and 6, namely j^^^^^ix) = 
ja,reg^^. ja,Teg^^-^ _ ja,Teg^^.^ -^^ -^y -g difficult to Calculate the counterterm 

Aj-'-g(x; a, b) = r/^^ix; a, b) - f/^^{x), (220) 
using the methods described in the previous section. We have 

Aj'^''''i^{x; a, b) = -^T¥5'=°^7/,(17+(a)r'^Jl_(6) + n+{b)T''n^{a) - IT") (221) 

where we explicitly picked up the value of the parameters in the functions Vt±. Using the 
formulae of Appendix B we get 

\{^^{a)^+{b) + ^^m+{a)) = l + 2{l-'^y-A + 2{l-'^^\e-Af 

+ 3(1-^) {e.Af + -(l--^)ie.dfe.A 

+ ^((1 - a)(a - 36 + 4) + (1 - b){b - 3a + 4)) 
x[e-A,e-dA-e\+ O(e^) (222) 

and therefore 

A,7^s(x;a,6) = ^^cT'^ ((l " ^) " 

+ ^ (1 - ^) ' {A^A .A + A-AA^ + A.A^A,) 
- a)(a - 36 + 4) + (1 - 6)(6 - 3a + 4)) 



x{[A^,,d-A] + [A,, d^A,] + [A,, duA^]) 

{2d^d-A + d^ASj+0{e). (223) 



_a+6 



36 



32 



This generally nonintegrable counterterm is "minimal" for a + 6 = 2 , in this case 

Ai«'-g(x; a, 2 - a) = -ii^TVcT'^([A^, d-A] + [A,, d^A,] + [A,, d,A^\), (224) 

This minimal choice is exceptional also for another reason. Let us note, that provided we 
regularize the axial current in the analogous way, i.e. if we put 

i^f S(x; a, h) = ^(VJ+(x, a)r«7^75V^e(^, b) + V?+(x, 6)r«7^75V^.(x, a)), (225) 

we get the following non-covariant counterterm, which modifies the covariantly regularized 
current jXS(x)=i«r(x; 1,1) 

Aj;r(x;a,6) = (x; a, 6) - 

= -^TTS'''^^f,^5i^+{a)T''n_ib) + n+ib)T<'n_ia) - 2r") 

1 a + b 
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1 - ^) TrcT^A,, F:^} + 0{e). (226) 

This counterterm vanishes and the gauge covariance is recovered in the limit of the removed 
cut-off again for a and b satisfying a + b = 2. 

The non-covariant current j^'^^^{x;a,b) can be made integrable for a and b for which 

(1 - a)(a - 36 + 4) + (1 - 6)(6 - 3a + 4) = 0; (227) 

especially for the "minimal" choice o = 1 ( however then 6 = 2 — a = 1 and the gauge 
covariance is recovered ). The gauge invariance of the effective action r[^] integrated from 
such a current is generally lost, its variation under gauge transformation is determined by the 
non-covariant anomaly, 

f - [D, a]] = ^ (l - ^) / d''xTrca{x)[D„ ((^ - m')A, 

+^ (l - ^) ' {A^A .A + A.AA^ + A^A^A,) 
+^(2a^(?.^ + a%))] + 0(£). (228) 
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Appendix A 



In this appendix we give some technical details of the previous calculation. We present 
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here the exphcit form of the functions ao{x,x — e)ai{x — e,x + £)ao{x + e,x), G^{x^e) and 
Hfj,{x,e) used in the main text. 

Let us first derive the formula (|50|). As we have seen in Section ^ for ai{x, y) we have the 
following expression 

ai{x,y) = - dtao{x,xt)A~ao{xt,y), (229) 



Xt 
•I u 

where 

xt = y^t(x- y) (230) 

and 



1 
2 

I.e. we have 



A = -1)2 _ -(7^,F^,. (231) 



ao(a;, X — e)a\{x — e, x + e)ao(x + e, x) 



[ dtao{x,Xt)A^^ao{xt,x + e)ao{x + £,x) 
Jo 



1 

2 Jo 



1 

dtao(x, xt)cr^,,F^,,(xt)ao(xt, x) 



+ / dtao(x,xt)(L>^ ao(xt,x + e))ao(x + e,x) 

JO 

(232) 

where now 

xt = x + e{l-2t). (233) 

Let us remind that 

ao(x, y)=T exp dt(x - y) ■ A{y + t{x - y))) , (234) 

ao{x,xt) =Texp dr^x - xt) ■ A{xt + t{x - xt))^ (235) 



I.e. 



and 

ao(xi, x) = Texp dr(x - Xf) • ^(x + r(xi - x))^ . (236) 
Expanding this to the first order in e we get 

ao(x, Xt) = 1 - (2t - l)e ■ A{x) + ©(e^) (237) 

and 

ao(xj, x) = l + {2t- l)e ■ A{x) + 0{e^). (238) 
We have therefore immediately 

^ / dtao{x,xt)(Jf,„Fij,„{xt)ao{xt,x) 
2 Jo 

= - dtao{x,xt)af,i,{Ff,^{x) + {1 -2t)e ■ dFij,,y{x))ao{xt,x) + 0{e^) 
2 Jo 

1 i 

= i^'Jf.uFf.uix) + ^ dt{l-2t)e-{dFf,^{x) + [Aix),Ff,^ix)])af,u + 0{e^) 

2 2, Jo 

= '-a^,F^,{x)+0{e'). (239) 
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Let us calculate also two other quantities, namely Dx^f_i(^o{x,y) and -D^.ao(x,y). From the 
equation 

{x-y)-Dxao{x,y) = (240) 

we get 

-Dx,^ao(x,2/) + (x - y)aDx,^,Dx^aao{x,y) 
= {I + {x - y) ■ Dx)Dx,^ao{x,y) - {x - y)aFa^aoix,y) = (241) 

and, using the left hand side of the previous equation and the identity [D'^,Da] = [D^, F^^a] + 
2F^aD^, we have 

2Dlao{x,y) + (x - y)aDlDx,aao{x,y) 
= {2 + {x-y)-Dx)Dlao{x,y) + {x-y)a{[D^,Ff,^]+2Ff,^Df,)ao{x,y) = 0. (242) 

s we get for tD~^ ^ao{xt,y) and +2n2 

ferential equations 

d 



From this equations we get for tD~^ ^ao{xt,y) and t^D- ao(xt, y) the following ordinary dif- 



jj^"*^?t,M"^o(2;t, y) = -{x - y) ■ A{xt)tD~^^^ao{xt,y) 

+t{x - y)aFaf,{xt)aoixt, y) (243) 

and 

^t'^D~ao{xt,y) = -{x - y) ■ A{xt)t'^D~ao{xt, y) 

-t\x - y)a{[D~^,^,F^U^t)] + 2F^^{xt)D~^^^)ao{xt,y) (244) 

with the solutions 



tF>~^,^ao{xt,y) = {x - y)a drraoixt, Xr)Faf,{xr)ao{xr,y) (245) 

and 

t^D^ao{xt,y) = -{x - y)a f dTT^ao{xt,Xr)[D~^^^, Fi,aixr)]ao{xr,y) 

J 

-2{x-y)aJ dTTao{xt,Xr)Ff,a{Xr){TD~^^^ao{Xr,y)). (246) 



Now, setting x x — e, y ^ x + e, we can easily expand in powers of e. From (|245| ) we see 
that up to the order 0(e) only the first term on the right hand side of ( |246| ) contributes, i.e. 

t^D^aoixt, y) = -2e„ /* dTT^[D^, F^„(x)] + 0{e^) 

Jo 




+3 

-2eaj[D^,F^aix)]+Oie^). (247) 



As a result we have 



/ dtao{x,xt)iDl ao{xt,x + e))ao{x + e,x) = -2ea [ dt^lDf,, F^^ix)] + 0{e'^ 

Jo Jo 3 



lea[D^,F^o.ix)]+Oie^). (248) 



35 



Finally we get 



ao{x,x - e)ai{x - e,x + e)ao{x + e,x) = -af,^F^„{x) + -eaiD,,, Ff,a{x)] + 0{e ). (249) 

Now we present the derivation of the right hand side of the formula (^0|). Let us evaluate 
the following expression 

+ [\te-'-^-G{x,y;m^)e^-^ye-^'-^y Dnye^^'^y 
Jo 

= -e-'-^^ D^,,x G{x, y; w?y^y + e-^ -^"G(x, y; w?) D^,y e^'^y 

- [' dtte-''-^-[e- D^,Dt.,x]e''-'^-e-'-^-G{x,y;m^)e'-^y 
Jo 

+ / dtte-'-^^G{x,y;m^)e'-^ye-''-^y[e- Dy,D^,,y]e''■^y , 
Jo 

(250) 

where we have used integration by parts to get the last lines. Introducing the function 

Hf,{x,e) = - /'dtte-*^■^-[e•Bx,B;.Je*^■^- 
Jo 

= - [\tte'''-^-e,F,^{x)e''-^- 
Jo 



lo 



= E u '^^A e-D,[e-D,[...,[E-D,e,F,^{x)]...]]]. (251) 
we can rewrite it in the form 

a^(e-^-^-G(x, y; m%'-^y) = -e""'^- D^,,, G(x, y; m^y^y + e-^-^-G(x, y; m^) B^,y e^'^^ 

+Hfj_{x, e)e~'' -°"G(x, y; m'^)e'^'^y 

+e-'-^^G{x, y; n?y^yH^{x, -e). (252) 

Analogously we have 



p^,G™^(x,e)] = a^G™^(x,e) + A^(x)G™^(x,e)-G^°^(x,e)^^(x) 

-y 



d^e-'-^-G{x,y;m^)e'-^y + e-'-^'^G{x,y;m^)e'-^y d] 



+^^(x)e-^-^-G(x, y; m^)e'-Dy - e-^-^-G(x, y; m^)e'-Dy A^{y)U=y 
D^,^e-'''-G{x,y;m^)e'-^y + e-'-''''G{x,y;m^)e'-^y Dy,^ U=y 
e"^-^" D^,,x G{x,y-m^y^y+Q-^-^-G{x,y;rr?) D^,y e'''^y\x=y 
+ [B^,., e-^-^1e-^^G™^(x, e) + G^°^(x, e)e-S^ [e^^. , d^,x]. (253) 
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and introducing the function 



oo (_l)n 

= J2r-l\\i^-Dd<^-D,[---,[^-D,e,F,Ax)]...]]] (254) 

n=0 

we have 

[D^,G'°^x,e)] = e-^-^- Df,,. G(x, y; m2)e^-S« + e-^-^-G(x, y; m^) 'bf,,y e'-'^yU=y 

-G^{x,e)G''°''{x,e)+G'°^{x,e)G^{x,-e). (255) 

As a result we have 

e-"^- D^,cc Gix, y; m'y^y = ^([D^, G=°^(x, e)] - 5^G'=°^(x, e) 

+G^(x, e)G™^(x, e) - G™^(x, e)G^(x, -e) 
+i7^(x, e)G^°^(x, e) + G™^(x, e)i/;.(x, -e)); 

(256) 

this is the formula (IHT 



Appendix B 



In this appendix we give some details of the calculation within the non-covariant point- 
splitting. Let us first derive the e-expansion of the matrix functions We have 

n_ = J^(x,x-e)0+(x,x-e) = e-"-^e^-^, 

n+ = J7+(x + e,x)f](x + e,x) = e-^'-^e^-^. (257) 

where D = d + a A and D=d —aA are the non-covariant modification of the covariant 
derivatives. Using the Baker-Campbell-Hausdorff formula we get 

= il(x,x-e)Jl+(x,x-e) = e-"-^e"-^ 

= Q-e-D+e-D-\[e3,e-D] + ^[e-D\e-D,e-D]]-^[e-D\e-D,e-D]]+0{e^) 

= I + e . {D - b) + ]^{[e ■ D,{e ■ b - e ■ D)] + {£ ■ {D - b)f) 

. (Z) _ b)f - i{e • {D - b), [e.b,e-D]} + ^[e-iD + b), [e-b,e. D]] 
+0{e^). (258) 
Using now e ■ D — e ■ D = {1 — a)e ■ A ,we rewrite this to the final form 

0_ = l + {l-a)e-A + ^{l-a){{l-a){e-A)^-{e-de-A) 

+1(1 - a)((e • dfe -A + il-afie- Af 



+(2a -l)e ■ Ae-de- A + {a- 2){e • de ■ A)e ■ A) + 0{e^). (259) 
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If we realize, that = e ^'^e^ = e^ e ^ = (e^ e ^ we can immediately obtain 
0+ by means of Hermitian conjugation and replacing then e —e, i.e. 

n+ = l + {l-a)£-A + ^{l-a){{l-a){e-Af + {e-de-A) 

+^(1 - a)((£ ■ dfe ■ ^ + (1 - afis ■ Af 

-{2a - l){e ■d£-A)s-A-{a- 2)e ■ As ■ de ■ A) + ©(e^). (260) 

It is now straightforward to get the formula 

= 1 + 2(1 - a)e ■ A + 2(1 - af{e ■ Af 

+^{l-afie-Af + ^{l-a){e-dfs-A 

+^{l-a){2-a)[e-A,e-ds-A]+ 0{s^), (261) 

which was used in the main text. We need also the expansion of the trace Tici'^+^- — 1) to 
the fourth order in e. We have, using the operator expression for for the fourth term of 
the £ expansion 

TVc(0+0_)(^) = ^Trc(J^+f^- + 

= ^Ttc(^(6 -Df + ^ie- Df - -^{e .D,{e. Df} - ^{e ■ 5, (e • Df} 
+{e •£>,{£• D, {e ■ bf}} + {e.b,{e- D, {s ■ Df}} 

-^{e-D,{e-D,{e-D,e-D}}} 

~{e-D,{e-D,{e-D,e-D}}}). (262) 
After some algebra we get 

T,c{n+n_)^'^ = ^TVc(4(e • {D - D)f + {e ■ {D - D), [e ■ (D + D), [e-D,e-{D- D)]]}) 
= ^Trc{{l-a)\e-Af + {l-afe-A{e-dfe-A). (263) 

Let us now work out the expression Q,^[Du, — ['^+, Dv]^-- We have 

n+[D^.,n-]-[n+,Du]n- = n+[Du,e-'-^e'-^]-[e-'-^e'-^,K]^- 

= J7+[B^,e-^-^]e^-^e-^-V-^ + n+e-^-^e^-'^e-^-^[Du,c''^] - 

-n+G^{x, -e)0_ + G^{x, -£)Q+Q_, (264) 

where 

G,{x, e) = [e-^ , D^e^-^ = ^ ^-L- [e ■ D,[e ■ D,[. . . ,[e ■ D, D,] . . .]]] (265) 

n=0 1"'+ J-J- 
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is a non-covariant modification of the function G^{x,e) introduced above. For the calculation 
of the counterterm AOf^i, we have derived 

= -^Tr5™^7^(l^+[B.,J]-]-[17+,5.]l^- 

+{n+n^ - i)T^{x,e) + T4x,-e)in+n^ - 1)) 

+^TT{dlS'°^j,){n+Q.-l). (266) 
Remembering the formula for the Tr£)5'^°^7^ and noting that 

n+[D^, n^] - [n+, DuP- + - i)r^(x, e) + r^(x, -e){n+n^ - 1) = o{e'^) (267) 

it is easily seen that we need only the trace over the color indices of the expression ( |267D 
expanded to the order C(e^). We have then up to the terms which do not contribute to the 
final expression after the symmetrization over the direction of e 



TvcHn+n^ - i)(r^(x, e) + r^(x, -e)) + n+[Du, - DuP-) 

(268) 



lil - a)Trc((2 - 3a){e ■ A)[D„ (e • d){e ■ A)] + (e • A){e ■ dfA,) + Oie^ 



Putting all the ingredients together we get 



^^".^ = ^^Trc -:T7r((2 - 3a)iA^d,d ■ A + A^d^d.A^ + A ■ 88, A^ 



/ 1 

^^^<-36' 
+A^[A,,d ■ A]+ A^[A,,d^Aa\+ A^[A,,do,A^]) 

+A^,d'^A, + 2A ■ dd^A^,) 



(V(2^^ + A^ApA^Ap) - 4({^^, A,}A^ + A^A^AM) 
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^ (V(2A ■dd-A + A^^'Ao,) - 2{A^d, + A,d^)d ■ A 
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-2^ • 9(9,^^ + d^A,) - A^d'A, - A.d^A^ - 2A^d^d,A^) 
+^ (V^^ (2-^ - ^) - 2^, A. (m^ - A) j 

-^{5^^Aa[Dp,Fp^]+ A^[Dc,,F^,] - AA,[Do,,Fo,^,] 



-A^[D^,F^,]-A^[D,,F^^])y (269) 

Using the following identities 

Tvc{A^[Dc,,Fc,u\+A,[D^,F^^]) = Tvc{A^d^ A, + A,d^ A^ - {A^d, + Aud^,)d ■ A 

+2Aa\doiAy, A^ + "^AfJydaA^^ Ay\ 
~Aa\dyAa^ A^ — Aq^O^Aq^, A,^ 
+2{A^,A,}A^ - AA^A^AM (270) 
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TTc{Aa[D^, F^„] + Aa,[D^, F^a]) = Trci2Aadf,d^Ao, - A ■ d{duA^ + d^A^) 

—2Aa[d,/Aci, A^] — 2Aci[df^Aa,, A,y\ 
-{-AaldaAi,, A^] -\- Aa[daA^, A,^] 
+2{A^, A^}A^ - AAaA^AaA^) (271) 

Trc{A^[Da,Fau] - A^[Da,Fa^]) = TTc{Af,d^A^ - Ayd'^A^ - 2A ■ d\A^,,A^\ 

-{A^d^ - A,d^^2\A^,A,\)d ■ A 
-A^{A^, d^A^\ + AMc.. di.A^\) (272) 



we get 



-^y^Trc(8(5^^A„[Z)^,F^^] - \\{^A^\D^,F^^\^ A^{D^,F^^\) 
-5(A„[Z)^,F^„] +^„[Z)^,F^«]) 

+ (1 - a)(V(2^ -dd-A^ A^d'^A^) + {A^d, + A,^^,)^ ■ A 
• did^A^ + d^A,) + ^A^d^d^A^ - A^d^A, - A,d''A^ 
+3([^„, A^]{d^Aa, + dM + [Aa,,A^]{d^A^ + da^A^))) 
+ (1 - af{6^^{2A^ + A^ApAo^Ap) - A{{A^, A,}A^ + A^,A^A,A^))) 

-^^^^Trc((a + 6)(^^[Z)„,F,,] - F^^\) + (a - 4)A • ^F^, 

+(1 - a\A^d''A, - A.d^A^ - 2A ■ d[A^, A,]))- (273) 



this is the formula ( |17^ ). 

References 

[1] P. A. M. Dirac, Proc. Cambridge Phil. Soc. 30 (1934) 150; 
R. Peierls, Proc. Roy. Soc, Series A 146 (1934) 420; 
J. Schwinger, Phys. Rev. 82, (1951) 664; 

K. Johnson, in Lectures on Particles and Field Theory, Lectures at Brandeis University 
1964, ed. S. Deser and K.W. Ford, vol. 2 (Prentice-Hall, Inc., 1965), 1 

[2] Z. Qiu, H. Ren, Phys. Rev. D38 (1988), 2530; 

B. Banerjee, H. Banerjee, Z. Phys. C39 (1988), 89 

[3] P. Osland, T. T. Wu, Z.Phys.C55 (1992) 569; Z.Phys.C55 (1992) 585; Z.Phys.C55 
(1992)593; 

C. Newton, P. Osland, T. T. Wu Z.Phys. C61 (1994), 441; 

[4] R.Jackiw, In: S.B. Treiman, R. Jackiw and D. Gross, Lectures on Current Algebra and 
its Application, Princeton University Press, Princeton 1972; C.G. Callan, S. Coleman, 
R. Jackiw: Ann. Phys. 59 (1970) 42. 



40 



[5] W.A. Bardeen, Phys.Rev.184 (1969) 1848 

[6] S. M. Christensen, Phys. Rev DM (1976), 2490; Phys. Rev D17 (1978) 946; 
S. L. Adler, J. Lieberman, Y. J. Ng, Ann. Phys. 106 (1977), 279; 
S. L. Adler, J. Lieberman, Ann. Phys. 113 (1978), 294; 
R. M. Wald, Phys. Rev D17 (1978) 1477; 

P. A. J. Liggatt, University of Cambridge preprint DAMTP 79/15 (unpubhshed) 

[7] P. Gilkey, Index Theorems and Heat Equation, Pubhsh or Perish, Berkeley, 1975 
P. Gilkey, J. DifF. Geom. 10 (1975) 295 

[8] B. DeWitt, Dynamical Theory of Groups and Fields, Gordon and Breach, New York, 
1965; 

B. DeWitt, Phys. Rep. 19C (1975) 295; 

R. Seeley, Am. Math.Soc. Proc. Symp. Pure. Math. 10 (1967)288; CIME (1968) 167 

[9] R.D. Ball, Chiral Gauge Theory, Phys. Reports 182 (1989) 1 

[10] J. Schwinger, Phys. Rev. 82 (1951) 664; 
S. Adler: Phys. Rev. 177 (1969) 2426; 
J.S. Bell, R. Jackiw: Nuovo Cim. 60A (1969) 47; 

C. Hagen, Phys. Rev. 177 (1969) 2622; 

R. Jackiw, K. Johnson, Phys. Rev. 182 (1969) 1459; 

S. L. Glashow, R. Jackiw, S.S. Shei, Phys. Rev. 187 (1969) 1916 

[11] S. D. Joglekar, G. Saini, Phys. Rev. D43 (1991), 1355; Phys. Rev. D45 (1992), 3818; 
Ann. Phys. 229 (1994), 76 

[12] S. Coleman, R. Jackiw: Ann. Phys. 67 (1971) 552; 
M. Chanowitz, J. Ellis: Phys. Rev. D7 (1973) 2490; 
S. Adler, J.C. Collins, A. Duncan, Phys. Rev. D15 (1977) 1712. 

[13] S.B. Treiman, R. Jackiw and D. Gross, Lectures on Current Algebra and its Application, 
Princeton University Press, Princeton 1972; 

S. B. Treiman, R. Jackiw, B. Zumino, E. Witten, Current Algebra and Anomalies (Prince- 
ton University Press/World Scientific, Princeton/Singapore, 1985; 

R.A. Bertlmann, Anomalies in Quantum Field Theory (Clarendon Press, Oxford 1996); 

[14] K. Johnson, Phys. Lett. 5 (1963), 253; 

A. Das, V.S. Mathur, Phys. Rev. D33, (1986), 489; 

L. F. Urrutia, J. D. Vergara, Phys. Rev. D45 (1992), 1365 

[15] H. Banerjee, R. Banerjee, Phys. Lett. 174B (1986) 313 

H. Banerjee, R. Banerjee, P. Mitra, Z. Phys. C 32 (1986) 445 
W. A. Bardeen, B. Zumino, Nucl. Phys. B244 (1984) 421 
K. Fujikawa, Phys.Rev. D 31 (1985) 341 

[16] J. Wess, B. Zumino, Phys. Lett. B 37 (1971) 95 



41 



